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Consider the linear system of a symmetric positive definite matrix A

Az =b. (1)
Let C' be a nonsingular symmetric matrix and consider a new linear system
Az =b (2)

with A=C"1AC1spd,b=C"lband 7 = Cx.
Applying CG-method to (2) it yields:

Choose zg, 79 = - Amo = Po.
If 7o = 0, stop, otherwise for £ =0, 1, 2,

( (a) &k =pLr/PEC1AC™ lpk,
(b) Tpt1 = ZTp + Arpr,
(¢) 7ry1 =7k — axCLAC i, (3)
if 7r4+1 = O stop; otherwise,
(d) Br= ~T41C” LAC™ 15 /pC T AC
L (&) Prt1 = Tri1 + Brbk-




Simplification: Let
C 1o, =k, ok = C '&k; 2 =C 7%
Then

. -
rp=Cip=C (b— Ay) = C (CT'b— T AC™1Cmt) = b — Amp.

and

023;; =g = M3 —%%.
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[Preconditioned CG-method (PCG)]
M = C?, choose zg = C~ 1&g, 79 = b — Axg, solve Mpgy = rp.
If ro = O stop, otherwise for k =0, 1, 2,....,

( (a) op = pLri/pi Apk,

(b) 1 = zp + arpr,

( ) Th41 = Tk — arApg, (4)
if rp1 = 0, stop; otherwise Mzp11 = rg11,

Br = Zk.|.1APk/P Ap,

Pk+1 = Zk+1 + BrPk-

O

—
o o
e

Algorithm 4 is CG-method with preconditioner M. If M = I, then it is
CG-method.
Additional cost per step: solve one linear system Mz = r for z.

cond(M~12AM~1/2) < cond(A).

Advantage:




— ~ A new point of view of PCG
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From [(II) Conjugate Gradient Method] (21) and Theorem 4.8 follows that
pilry =0 for i <k,
l.e., (T@T + 55_1p5_1T)?’k = TﬁT?’k =0, 72 < k and

péTApj = Oa?’ # 3

That is, the CG method requires ?"g‘T?"j =0, 7 # j. So, the PCG method
satisfies p@'Tc_lAC_lpj ==& F?Fj =0, <% 7 and requires

z;erj = r?M“lMM_lrj = m-TM_lrj
= (rife™Y (C7lr;) = 717 =0, i#7j

Consider the iteration (in two parameters):

Tht1 = Th—1 + Wit (2 + T — T3—1) (5)

with a3 and wz1 being two undetermined parameters.
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Let A =M — N. Then from Mz, = rp, = b — Ax;, follows that

Mzp1 = b— A(xgp—1 + wit1 (k2 + 2k — T—1))
= Mzp_1 — w1 [op(M — N)zg + M(21—1 — 2)]  (6)

For PCG method {ag, w41} are computed so that
2 Mz =0, p#q pg=0;1: n—1. (7)

Since M > 0, there is some k& < n such that zz = 0. Thus, zy = z, the
iteration converges no more than n steps. We show that (7) holds by
induction. Assume

szMZQ':O? p#‘f} p,q=0,1,-~,k (8)

holds until %.




If we choose

then

and if we choose

T ~1
2r ook
Wht1 = (1 — o ) : (9)

zg_lM Z2h—1

then
ZE_IMZ;;_H =il
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From (6) for j < k— 1 we have
ijMzkH - akwk+1ZjTNZk. (10)

But (6) holds for 7 < k£ — 1,

Mzji1 = Mzj1 —wjyt (aj(M — N)zj + M(z5-1—27)) . (11)
Multiplying (11) by 27 we get

szsz =1,
Since N = N7 it follows that
2T Mz =0, for j<k—1.

Thus, we proved that szqu =0,p#q,p,¢g=0,1, -, n—1. [ |




Consider (5) again
Tht1 = Th—1 + Wr1(@k2k + T — Ti—1).
Since Mz, = ry, = b — Axy, if we set w11 = ap =1, then
Thi1 = Tk + 26 = Tk + M 1. (12)

Here 2, is referred to as a correction . Write A =M — N. Then (12)
becomes

Tl — wk-l—M_l(b—Awk)

= zp+ M 16— (M — N)xyg)
= M Nz + M5 (13)
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---------------------------------------------------------------------------------------------------------------------------------------------------------------------

Recall the lterative Improvement in Subsection
Solve Ax = b,

r, = b— Az,

Azk = Tk, <* Mzk = TL.

Tk4+1 = Tk T 2k-

(i) Jacobi method (wy11 =ap =1): A=D—(L+ R),

Thtl = Tgp T D_l?“k
= T T D_l(b — Amk)
= DY L+ R)zx+ Db

(i) Gauss-Seidel (wgy11 =ar=1): A=(D-L)—R,

Th41 = Tk T+ 2k
= xp+ (D —L)1(b— Axz)
= (D—L) 'Rz + (D-L) .
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.....................................................................................................................................................................

(iii) SOR-method (wg11 = 1,0 =w): Solve wAz = wb. Write
wA=(D—wl)—(1-w)D+wR)=M — N.
Then with A =D — L — R we have

zpr1 = (D— wL)_l(wR + (1 —w)D)xg + (D — wL)_lwb
= (D—wL) ' (D —wL) —wA)zy + (D —wL) twh
= (I—(D—wL)'wA)zr + (D —wL) 'wh
= 2+ (D —wL) lw(b — Azy)
— xp + wM 1y

= 2L T W2L.
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(iv) Chebychev Semi-iterative method (later!)
(W41 = Cht1, 0% = 7):

Thil = Tp—1+ W1 (Y22 + 26 —2h-1) -

We can think of the scalars w11, % in (5) as acceleration
parameters that can be chosen to speed the convergence of the
iteration Mzy411 = Nzj + b. Hence any iterative method based on
the splitting A = M — N can be accelerated by the Conjugate

Gradient Algorithm so long as M (the preconditioner) is symmetric
and positive detinite.
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Choices of M (Criterion):

(i) cond(M~—Y2AM~12) is nearly by 1, i,
M YAM Y2 A M.

(i) The linear system Mz = r must be easily solved. eg. M = LL’
(see Section 16.)

(ili) M is symmetric positive definite.
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SSOR (Symmetric Successive Over Relaxation):

Ais symmetricand A =D — L — LY. Let

M,: =D —wL, o MI =D —wL?,
Ny: = (1 —w)D +wL?, NT (1— )D-|—wL.

Then from the iterations

My = Nyzi + wb,
MIzigyn = Nizipio+wb,

follows that

viv1 = (M;INIMZN,)x;+b
Gai +w (MITNIMZ + M) b
Gy + M(w)™1b.
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It holds that

1—w)D+wL)(D— wL}_l + 7
(wL—D —wD +2D)(D —wL) ™ + I
—I 4+ (2 —w)D(D —wLy ™ I

(2 —w)D(D —wL)™,

(

o

Mw) =w(D—wLf) " (2—w)D(D - wL)™,

1
w(2 —w)
(D — LYDL (D —E) (w=1)

L)
L
[

(P— wlDL (B— wh?) (14)

&

e



— ~ A new point of view of PCG

For a suitable w the condition number cond(M (w)~Y2AM (w)~1/2). Can
be considered smaller than cond(A). Axelsson(1976) showed (without

proof): Let
zT Dz
= T (< cond(A4))
and T(LD 1LT lD)
H B —g)x 1
= > —
CTER T T4 =
Then - )
14 522 L af
~1/2 ~1/2 _
cond (M(w) AM (w) ) < o — K(w)
* = *Y Yot ¥y
for w* = oW x(w*) is minimal and s(w*) =1/2+ +/(1/2 + &) .
Especially

cond (M(w*)—lf’?AM(w*)—lf’?) < % + /(1/2 + 8)cond(A) ~ ~/cond(A).

Disadvantage : 1, 0 in general are unknown.
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Let A be sparse and symmetric positive definite. Consider the Cholesky
decomposition of A = LLT. L is a lower triangular matrix with
liz >0 (¢ =1,...,n). L can be heavily occupied (fill-in). Consider the
following decomposition
A=LLT _ N, (15)

where L is a lower triangular matrix with prescribed reserved pattern F
and N is “small”.
Reserved Pattern: E C {1,...,n} x{1,...,n} with

(3,9 € B, =l n
{ (i) €E = (i) € B
For a given reserved pattern £ we construct the matrices L and N as in
(15) with

i) A =LLT—N, (16a)
(i) L: lower triangular with {;; > 0and l;; #0 = (¢,5) € E(16b)




First step: Consider the Cholesky decomposition of A,

a=(om )= (avies 1) (0 &) (V5 ™).

where A; = A; — ajai /ai;. Then

1 0
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For the Incomplete Cholesky decomposition the first step will be so
modified. Define by = (bay, ....,bn1)" and 1 = (ca1, ...y cn1)” by

b‘]_: Qj1, (j:]-)EE: ; g8 g 0: (j:]-)EE:
d 0, otherwise, —aji, otherwise.
(17)
Then o7 0 T
_{ a1 U . G _ B
as(wm Y (O h

Compute the Cholesky decomposition on B, we get

= veir 0O I 0 vair b /e \ T
Bo= ( b/ Jayr I 0 B 0 I = Lty
(19)
and .
By=A -2 (20)
a1l
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Then
A= I1BiI,¥ — €. (21)

Consequently, compute the Cholesky decomposition on Bj:
By = LoBoLi — ¢

Thus,
A=LL:BLi L —LiCoLi —C (22)

and so on, hence
A = Eg v Ll By« Bt — Oy — Gl g — = — Y (23)

with
L=I{--Lpoband N=C{1+Cs+---+ C,,. (24)
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let A be s pd E bea reserved patten. Then there is at most a
decomposition A = LLY — N, which satisfies the conditions:

(16b) : L is lower triangular with l;; > 0, l;; 20 = (i,j) € E.
(168) s N = (?‘L@j)? Ng5 = 0, Hc(’a?j) c k.
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The Incomplete Cholesky decomposition may not exist, if

m—1

Sm -— Amm — Z (ka)z < 0.

k=1

Example 1

Let

P
—1 2 -1 0
g =1 2 -3
2= B

1 0 0 0

N -1 —1 0 0O

The Cholesky decomposition of A follows L = 0 -1 1 0
2 2 -1 1 |
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Example 2

Consider the Incomplete Cholesky decomposition with patten

e B

% x x 0

E=E(4)= 0 X 26 X
ISR

Above procedures (17)-(24) can be performed on A until the computation
of 144 (see proof of Lemma 5.1),

G == =l =i = == b=

The Incomplete Cholesky decomposition does not exit for this pattern E.
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Example 3

Now take
x X 0 0 1 0 0O O
X X <l . -1 1 0 0
= i — L exists and L = 0 -1 1 0
0 0O = % 0 0 —3 1
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Find the certain classes of matrices, which have no breakdown by
Incomplete Cholesky decomposition. The classes are

M-matrices, H-matrices.

Definition 5.2

A € R™ ™ js an M-matrix. If there is a decomposition A = oI — B with
B0 (B >0tz >0tori,7 — 1....n) and

p(B) = max {|A| : A is an eigenvalue of B} < o. Equivalence: a;; <0
fori # j and A1 > 0.
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Lemma 5.3

A is symmetric, a;; < 0, @ # j. Then the following statements are
equivalent

(i) A is an M-matrix.

(i) Aisspd.

Theorem 5.4

| L

Let A be a symmetric M-matrix. Then the Incomplete Cholesky method
described in (17)-(24) is executable and yields a decomposition
A = LLT — N, which satisfies (16).
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Definition 5.5

A € R Decomposition A = B — C' is called regular, if B~ > 0,
C > 0 (regular splitting).
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Theorem 5.6

let A=1 > 0 and A = B — C is a regular decomposition. Then
p(B71C) < 1. ie, the iterative method Bz = Cxp + b for Az =b is
convergent for all .

Proof- Since T = B~1C >0, B_I(B —C) = B lA=71-T, it follows
that
(I-T)A =B,

Then
k ‘ k )
0y B =3 PI-DA =-Fa <4
1=0 1=0

That is, the monotone sequence 22;0 T*B~1 is uniformly bounded.

) Hence T*B~1 — 0 for k — oo, then T* — 0 and p(T) < 1. |
——
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Theorem 5.7

If A= > 0 and A = By — Cy = By — C5 are two regular decompositions
with 0 < Cy < Cy, then it holds p(B;1Cy) < p(By~1Ch).

Proof: Let A=B—C, A~ > 0. Then

p(B71C) = p((A+C)71C) = p([A(I + A1C)] 7 C)
. 1. n—1 41 . P(A_lc)
= p((I+A'C) A7t0) = T AIC)
A A tone for A > 0]
—r ) monotone for A = U],
Because 0 < C < Oy it follows p(A~1C) < p(A~1C5). Then
-1 -1
P(Bl_lcl) . IO(A Ol) < IO(A 02) _ P(BZ_lcg)a

1+ p(A71C1) ~ 14 p(A71C,)

since A — 1_% is monotone for A > 0. B
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Theorem 5.8

If A is a symmetric M-matrix, then the decomposition A = LLT — N
according to Theorem 5.4 is a regular decomposition.

Proof: Because each L;l > 0, it follows (LLT)‘1 >0, (from
(I—=lD)yt={I+ie"),120). N=0C,+Cs++ -+ C4 1 and all
¢ =0 I
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.....................................................................................................................................................................

History:

(i) CG-method, Hestenes-Stiefel (1952).

(i) CG-method as iterative method, Reid (1971).

(iii) CG-method with preconditioning, Concus-Golub-Oleary (1976).

(iv) Incomplete Cholesky decomposition, Meijerink-Van der Vorst (1977).

(v) Nonsymmetric matrix, H-matrix, Incomplete Cholesky decomposition,

Manteufel (1979).
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Other preconditioning:
(i) A blockform A = |A;;] with A;; blocks. Take M = diag|Ai1, ..., Axxl.

(i) Try Incomplete Cholesky decomposition: Breakdown can be avoided
by two ways. If z; = ay; — Ei;ll.l?k < 0, breakdown, then either set
lii=1and goonorsetl;; =0, (k=1,..,2— 1) until 2; > 0 (change
reserved pattern E).

(iii) A'is an arbitrary nonsingular matrix with all principle determinants
#= (0. Then A = LDR exists, where D is diagonal, L. and RT are unit
lower triangular. Consider the following generalization of Incomplete
Cholesky decomposition.
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Theorem 5.9

(Generalization) Let A be an n x n matrix and E be an arbitrary reserved
pattern with (i,4) ¢ E,i=1,2,...,n. A decomposition of the form
A = LDR — N which satisfies:

(i) L is lower triangular, l;; = 1, l;; # Q, then (i,7) € E,
(if) R is upper triangular, ri; = 1, r4; # 0, then (i,7) € E,
(iii) D is diagonal = 0,

(iv) N = (n;), ny; =0 for (i,7) € E.

is uniquely determined. (The decomposition almost exists for all matrices).
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Consider the linear system Axz = b. The splitting A = M — N leads to the
form

z=Tx+ f, T=M"'N and f = M 1b. (25)
The basic iterative method of (25) is

How to modify the convergence rate?

Definition 5.10

The iterative method (26) is called symmetrizable, if there is a matrix W

with detW £ 0 and such that W (I — T)W ! is symmetric positive
definite.

ST |
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Example 4

Let Aand M bespd, A=M — N and T = M~IN, then
I-T=I-M'N=M1YM-N)=M"1A
Set W = MY2_ Thus,

WI —TYW L =MPMTAMY2 = M~Y2AM 12 spd.

i): M = diag(as) Jacobi method.

i): M = ;5055(D —wL)D™H(D — wL") SSOR-method.

ii): M = LLT Incomplete Cholesky decomposition.

(
(
(
(iv)) M =1 = x4 = (I — A)x, + b Richardson method.
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Lemma 5.11

If (26) is symmetrizable, then the eigenvalues p; of T' are real and satisfy

i A fors =1, 2.0n. (27)

A

Proof: Since W(I — T)W 1 is s.p.d., the eigenvalues 1 — p; of I — T are large
than zero. Thus y; are real and (27) holds. =

Definition 5.12
Let zy 1 =Tz + f be symmetrizable. The iterative method

Uo
Uk+1

is called an Extrapolation method of (26).

0o,
a(Tur + )+ (1 — a)ug (28)
(T + (1 —a)ur +af = Thur + af.

To = aT + (1 — a)l is a new iterative matrix (11 =T). T, arises from the
decomposition A = LM — (N + (2 — 1)M).
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Theorem 5.13

If (26) is symmetrizable and T has the eigenvalues satisfying

w1 < pp < - <y < 1, then it holds for a* = 2_;_#2 > 0 that

1> p(Tar) = 5 ’_“npz f’lpﬂ — min p(Ts).

(29)

>

Proof: Eigenvalues of T, are ap; + (1 —a) = 1 + a(p; — 1). Consider the

problem

min max |1 + a(u; — 1)| = min!
a') 2

= [1+a(pn— 1) =[1+a(um - 1)},
— 1+ a(py —1) = a1l — p,) — 1 (otherwise p1 = uy,).

- - - . - 2 L o
- This implies o = o* = o then 1+ o™ (p, — 1) = E%'
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From (26) and (28) follows that

k

k
UL = Zaki:{:i, and Za;m- =]

i=0 i=0
with suitable ar;. Hence, we have the following idea:

k
Find a sequence {ap;}, k=1,2,...,1=0,1,2,...,k and > ap; = 1 such
=0

=
that
k

Up = Zakémia Uy = T (30)
=0

is a good approximation of * (Az* = b). Hereby the cost of computation
of uz should not be more expensive than zy.
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Error: Let

e, =z — ", e, = TFeq, eg = o — x* = ug — z* = do. (31)
Hence,
k
dy = Hp—a" = Zaki(mi —z*) (a2)
3=0
k - k -
= ZakiT?’EQ — (Z ap; T*)eo
=0 ki
= Pr(T)eo = Pr(T)do,
where
k -
Pe(A) = > apX’ (33)
i=0

is a polynomial in A with Pr(1) = 1.
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Problem: Find Py such that p(Px(T")) is small as possible.

Let ||z|lw = ||W=z|2. Then

TZI:”W
Tllw = max |
1] T

||WTW—1Wm||2
max
2£0 |Wzl||o
= [|[WTW™|2 = p(T),

because WTW 1 s symmetric. We take || - ||w-norm on both sides of
(32) and have

A

[Pe(T)llw lldollw = [WPL(T)W " |lzlldollz  (34)
= ||Pr(WTW)|l2lldollw = p(Px(T))lIdollw-

k| [w
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Replacement problem: Let 1 > u, > -+ > g be the eigenvalues of T’
Determine

min [{max |[Pr(A)| : p1 < A< pp ) deg(Pr) <k, Pr(1)=1].  (35)
Solution of (35): The replacement problem
max{|Pr(A)]: 0 <a < A<b} =minl, P(0)=1

has the solution
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Let A=1—1¢ then 1 —py <t <1— pp, Pi(A) = Pi(1—t) = Bi(t)
with P;(0) = 1. The problem (35) can be transformed to [(II) Conjugate
Gradient Method] (34) as

minmax{Py(t)|1 — p1 <t <1— pn} : deg(Pp) < k, Pi(0) = 1]

Hence, the solution of (35) is given by

28 — 1 — pin 2 — py — i
f) =T, T . 36
Qr(t) = Ti( TS )/k( ro— ) (36)
k .
Write @Qr(t) := > arit®. Then we have
=0

k
=T

1=0

which is called the optimal Chebychev semi-iterative method.
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Effective Computation of u;: Using recursion of Tj:

{ TO(t) = 1, Tl(t) = {,
Tk+1(t) = QtTk(t) — Tk_l(t),

we get
To(t) =1 Tj_(t) — Tk_|_1(t) = Qka(t) — Tk_l(t).

Transforming T (¢) to the form of Qx(¢) as in (36) we get

Q) =1, Q) =g g (1-p)  (37a)

and

Qr+1(t) = [pt + (1 — p)lert1@n(t) + (1 — cr1) @r-1(t),  (37h)

where

2 AT4(1/7) 1 — in
—_ 3 c — ) = . 38
Py T = T T () 2 — p1 — pin e
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Recursion for u:

dit1 = Qr1(L)do = (PT + (1 — p)I)ck1Qr(T)do + (1 — cry1)@r-1(T)
¥ = T+ (1 —p)Degriz*+ (1 —cpy1)x™ + p(d — T)x*cpys.

Adding above two equations together we get

= pT+ (1 - pM|cpp1ur + (1 — cr1)un—1 + ce41pf
= cikppiTur + f — ur} + cerrue + (1 — crt1) ugk—1.

Uk41

Then we obtain the optimal Chebychev semi-iterative Algorithm.
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. _MHi—ln —s 2 L
Let »r = Q—Ll—ﬁ-ﬂ? P T et 1= 2
Ug = &0,
ur = p(Tuo + f) + (1 — pluo (39)

Far ki=l, 2, v ,
upt1 = Chtt [P(TPur + f) + (1 — p)ug] + (1 — cr1) vk—1,
cpa1 = (1 —r% /4 ep) 2.
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Here uy. 1 can be rewritten as the three terms recursive formula with two
parameters as in (5):

upt1 = g1 [p(Tup+ f) + (1 —plug) + (1 — cpr1) up—1
= cpy1 [PM (M — A)ug +b) + (1 — p)uk] + ur—1 — Chp1Ui—1
= cpy1 [ur +pM (b — Aup) — up_1] + up—1
R e S

where Mz, = b — Aup. |




ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

thus

B (5)=30() -5 ()

(from [(IlI) Conjugate Gradient Method] (35)). It follows

2
)] =1—%ck.

% ‘I’z -2Tk_1(
) 4 | Ty (1

chtr 2Tk

1 . ?”Tk+1 (
i 8
7

—|3 =

Then we have

! with r = 1 —Fn (40)

HT W= (2 /) o) O —



Error estimate: |t holds

-1
luo — 2*[|w- (41)

()
H1 — Hn
Proof: From (34) and (36) we have

1Qw(T)dollw < p (Qx(T)) [|dollw
max {|@r(A)] : p1 < A < i} || dol|w

-
|:rk(2 2 "‘”) Idollw-
M1 — Hn

Jup —z*||lw <

|||

IA I

=
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We want to estimate the quantity g := |Tx(1/7)|~! (see also Lemma
4.11). From [(ll) Conjugate Gradient Method] (36),we have

n(2) - 3|y ey

B 1:(1-|-'\/1—'r2k+(1—1/1—r2k
- 5_ (r2)k/2

1 -(1+mk+(1—mk-
_[(1+ﬂ)(1—m)]k/2_

B |

L
2

_ 1—1{1—?-?
where ¢ = o 2 1.



= ~ Chebychev Semi-lteration Acceleration Method

.....................................................................................................................................................................

Thus g; < 2c*2. Rewrite the eigenvalues of I — T as \; = 1 —
Al =A== A, > 0. Then

L — M1 Al — Ap x—1 A1
i — — = 3 JET
2—pm—pn MtA, s+1 An
2
Thus, from ¢ = ijm/i"ijj = (ﬁﬁ) follows

VE—1 :
< 2 . 42
a2V (42
That is, after k steps of the Chebychev semi-iterative method the residual

k
|ug — 2™ ||w is reduced by a factor 2 (%) from the original residual
luo — a7 |[w.
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If pomin = p1 = 0, then g = T}, (%) . Table 1 shows the convergence
rate of the quantity gx. All above statements are true, if we replace s, by

t, (p = pn) and pq by gy (q < 1), because X is still in [, p1,.] for all
eigenvalue A of T’

of 2 o

Hn k g4 7 7 gs 7 7
0.8 5 | 0.0426 8 14 [ 9.06(-4) | 17-18 | 31

09| 10| 0.1449 | 9-10 | 18 | 1.06(-2) | 22-23 | 43
0.95 | 20| 0.3159 | 11-12 | 22 | 5.25(-2) | 29-30 | 57
0.99 | 100 | 0.7464 | 14-15 | 29 | 3.86(-1) a7 95

VE—1

j ¥, j"'
m+1) A qq, gs and 7 o, ® gy, gs.

Table: Convergence rate of ¢; where 7 : (
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Example 5

Let 1> p=p(T). If we set u,, = p, 4y = —p, then p and r defined in (38)
become p = 1 and r = p, respectively. Algorithm 45 can be simplified by

U0 = 20,

gl = TUO s f:'

g1 = Cep1(Tug + £) + (1 — cpit Jup—1,
chp1 = (1— (P2 /4) )" with ¢; = 2.

Also, Algorithm 45 can be written by the form of (43), by replacing 7" by
Tor =T, = (pT + (1 — p)I) and it leads to

UL+l — Ck+1 (Tp%k o[ f) -k (1 — Ck—l—l)u’k—l' (44)

Here ppq + (1 — p) = 555 55— and pp + (1 — p) = 55575 are

eigenvalues of 7.
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(i) In (39) it holds (r = p)

. 2 ;
co>c3>cy > -+, and lim ¢ = (Exercisel)

oo © 14112
(ii) If T is symmetric, then by (36) we get

|Qr(T)||le = max{|Qr(ps)|: pi is an eigenvalue of T'}
< max{|@r(A)|: —p < A< p}
=
= |Te(1/p)| , (p=p(])).
1 (o = 152

2L RZ T 1+ (wp— 1P (45)

1—+/1—p? : 2
where ¢ = —wp — 1 with wy = .
14~/1—p% g % 14~/1—p2




ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Proof Let A= LLT — N = LLT — N. Then

apg =18, =B =5 iy =l (since l11 is positive). Also,

ar1 = lp1lin — ng1 = Ll — 7gg, so we have
| (k, 1) el —=np=np =0= 11 = 13_;,;1 = akl/lll, (463)
| (k, 1) Q F =l = I_kl = 0= ng = N = —ari- (46b)

Suppose that lp; = lg;, nr; = g, fork =4,--- ,m, 1 <i<m—1. Then

from
m—1
=B Zz RN
k=1

follows that I,,,,, = l;,;. Also from

m—1 m—1
arm = lpmbmm + Z beklmk — "em = brmbmm + Z Leklmk — Topm
k=1 k=0

and (46) follows that npm = fipm, and Ly, = by, (r = m). H
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Proof: (i) = (ii): A=0l— B, p(B) < o. The eigenvalues of A have the
form o — A, where A is an eigenvalue of B and |A| < . Since A is real, so
o — A > 0 for all eigenvalues A, it follows that A has only positive
eigenvalues. Thus (ii) holds.

(i) = (i): For a;; <0, (¢ # j), there is a decomposition A = ol — B,

B > 0 (for example o = max(as)). Claim p(B) < ¢. By
Perron-Frobenius Theorem ??, we have that p(B) is an eigenvalue of B.
Thus o — p(B) is an eigenvalue of A, so ¢ — p(B) > 0. Then (i) holds. W
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Proof: |t is suthcient to show that the matrix By constructed by
(17)-(21) is a symmetric M-matrix.

(i): We first claim: Bo is an M-matrix. A = By — Cy < Bo, (since only
negative elements are neglected) There is a k > 0 such that A = kT — A,
By = kI — By with A> 0, By >0, then By < A. By Perron-Frobenius
Theorem 22 follows p(Bo) < p(A) < k. This implies that By is an
M-matrix.

(ii): Thus By is positive definite, hence By = Ll_léo(Ll_l)T is also
positive definite. B1 has nonpositive off-diagonal element, since

By = A1 — '51'51 . Then Bj is an M-matrix (by Lemma 5.3) B
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Claim: (37b)

Qr+1(t) = Tk+1(2tmmpﬂ#ﬂ)/Tk+l(%)

- b (o) g, (o)

Try1(1/7) p1 = P p1 — pin
2T (1/7) (B —%)Tk(—pl*“—;%)

rTey1(1/7) p1— pa Tx(1/r)

B Tr—t (—‘“'—Lz;l i_;ﬂ” ) Tt (_#_F_?;i l_;n“)
Trors (Goan)  Toms (1/1)

= cpt1[pt + (1 — p)|Qr(?) — [1 — crt1]Qr—1(¥),

since

2t — uy — Un 2t — g — un
() = =t (1)
and
2Te(1/r) _ rTe41(1/r) — 2Tk(1/7)
rTet1(1/7) rTet1(1/7)
—rTh—1(1/7) _ —Tr—1(1/7)
Ty 1 (1)) Tet1(1/r)

l—eppt = 1—
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