K

GMRES: Generalized\VinimaliResidual Algorithmifey
SolvingNonsymmetricitineagSystems '




ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Let AV; = V1 Hy and AV = Vo Ho, where Hy, Hy are Hessenberg and Vi,
V5 are unitary with Viey = Voey = q1. Then Vi = V5 and Hy = Hs.
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Arnoldi algorithm]

Input: Given vy with ||vi]j2 = 1;
Qutput: Arnoldi factorization: AVy = Vi Hy + hk+1,kvk+1e'£.
lterate 7 =1,2,---,
compute hi; = (Avj,v;) fori =1,2,---, 7,
U1 = Av; — 330 hiju,
hjt1,5 = [|Uita]l2.
Vi+1 = Uj+1/hjt15

End;
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(a) Let Vi = [vy, - ,ug] ER™® where v;, forj =1,...,k, is
generated by Arnoldi algorithm. Then Hy = VkTAVk is upper
k x k Hessenberg.

(b) Arnoldi's original method was a Galerkin method for
approximate the eigenvalue of A by Hy.
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In order to solve Az = b by the Galerkin method using < Ki >=< Vi, >,
we seek an approximate solution zy = xg + 2z with
zp € K =< 70, A?‘o? <o ?Ak_l?“o > and 79 = b — Axp.

Definition 7.2

{xy} is said to be satisfied the Galerkin condition if rp, =b — Axy, is
orthogonal to K, for each k.

T he Galerkin method can be stated as that find
T =%o+ 2 With 2z € Vi (1)
such that

(b—Amk?U) :O, v v EV;“



which is equivalent to find
zr = Ve € Vi (2)
such that
(ro— Azp,v) =0, VoveV. (3)
Substituting (2) into (3), we get

Vil (ro — AViyy) = 0,

which implies that

v = (Vi AV&) " [l7oler. (4)



Since V}, is computed by the Arnoldi algorithm with vy = r¢/||70]|, yi in
(4) can be represented as

yr = Hy ' |olles.
Substituting it into (2) and (1), we get
T = To + Vkﬂk_lu?’g”el.

Using the result that AV, = Vi Hy + hk+1,kvk+le£, ri can be
reformulated as

rx = b— Axg =r9— AVhyr = 70 — (Vi Hy + A1 kVkr1€8 Wk
ro — Villroller — Prii ket yrvksr = —(hhr1 ket Yk )Vki1-
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=  The generalized minimal residual (GMRES) algorithm;
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T he approximate solution of the form zg + 2%, which minimizes the residual
norm over 2z € K, can in principle be obtained by following algorithms:

@ The ORTHODIR algorithm of Jea and Young;
@ the generalized conjugate residual method (GCR);

o GMRES.
Let
- hi1 hia - hip |
hoi1 hoo -+ ha &
= [v1,---,w), Hg=| 0 & RiFTL*E

hrr—1  hrg
0  hppik




= » The generalized minimal residual (GMRES) algorithm

By Arnoldi algorithm, we have
AVy = Vi1 Hi. (5)
To solve the least square problem:

min ||r, —Az|lz = min [|b— Az, + 2}z, (6)

where Kk =< 7o, ATO} e }Ak_l?ﬁo =T Uy 44 U > with UL = =

lIrollz”




= The generalized minimal residual (GMRES) algorithm,

Set z = Viy, the least square problem (6) is equivalent to

min J(y) = min AVpy||o, = ; 7
min J(y) = min [|fv — AVigllz, 8 = Iroll2 (7)

Using (5), we have
J(y) = [|Vi+118er — Hiylll2 = ||Ber — Hiyll2. (8)
Hence, the solution of the least square (6) is
Tk = Zo + Viyk,

where yz minimize the function J(y) defined by (8) over y € R*.
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[GMRES algorithm]

Input: choose zg, compute rg = b— Azg and vy = ro/||rol;
Qutput: solution of linear system Az = b.
lterate 7 =1,2,--- , k,
compute h;; = (Avj,vg) fori=1,2,--+,1,

Uil = Avj — ) 54 hijug,
hjt1,5 = ”v:r-l-l”zp
vit1 = Uj1/ by
End;
Form the solution:
xp = xg + Viyg, where y; minimizes J(y) in (8).

Difficulties: when & is increasing, storage for v;, like k, the number of
multiplications is like %ng.
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GMRES(m) algorithm]

Input: choose zg, compute ro = b — Azg and vy = ro/||ro]|;
Output: solution of linear system Az = b.
Iterate 7 = 1,2, -+ ,m,
compute ha:,. = (Avj,v;) for i =1,2,-
Vj+1 = Av; — EJ i hiji,
hit,s = [|B5+1]2,
Vit = Vjp1/Rjy1,5-

End;
Form the solution:

T = 0 + Vinym, Where y, minimizes || Be; — Hny || for y € R™.
Restart: Compute 7, = b— Az, , if ||7n]| is small , then stop,

else , Compute zo = zy, and vy = 7/ || 7 ||, GoTo Iterate step.




— v Practical Implementation: Consider QR f

Consider the matrix Ek We want to solve the least squares problem:

min || Be; — Hyy ||2
ycR*

Assume Givens rotations F; , 2 =1..., 7 such that

R B X X X X X X X

N X X X X X X X
FywoPiHy=Fp0. . Fy1 | O X X X = X X = R; ER(j'Fi)Xj,

0 0 X X X

.0 0 0 X X
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In order to obtain R;;1 we must start by premultiptying the new column
by the previous rotations.

X X X X 4+ ] X X X X +
X X X X + X X X +
~ 0 X X %X + ~ X X +
Hj+1 = 0 0 x x =+ =}-.F}’..,F¢'Hj+1 = % +
0O 0 0 x + 0 7~

0 0 0 0 4 | | 0 h |

The principal upper (j + 1) x j submatrix is nothing but R;, and
h := hj42 5+1 is not affected by the previous rotations. The next rotation

F;41 defined by
{ Ci+1
el

r/(r® + K22,
—h/(r? + R2)1/2.
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Thus, after k steps of the above process, we have achieved
QrHy, = Ry
where Qp isa (k+ 1) x (k + 1) unitary matrix and
J(y) =|| Ber — Hry ||=|| Qx[Ber — Hry) |I=Il gx — Rxy || (9)
where g = QrBer. Since the last row of Ry is a zero row, the

minimization of (9) is achieved at y; = Rgl;f;fk , where Ry, and g, are
removed the last row of Rj and the last component of g, respectively.

Proposition 7.3

| 7& ||=|| ® — Azg |=| The (k+1)-st component of g |.

R
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Proposition 7.4

The solution x; produced by GMRES at step j is exact which is equivalent
to

(i
(i
(ii
(iv

Corollary 7.5
For an n X n problem GMRES terminates at most n steps.

This uncommon type of breakdown is sometimes referred to as a “Lucky”
breakdown is the context of the Lanczos algorithm.

The algorithm breaks down at step 7,

;r+13"—0

)
) ©
)
)

The degree of the minimal polynomial of rg is j.
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Proposition 7.6

Suppose that A is diagonalizable so that A = X DX ™! and let

(m) — i )| -
S e ey

Then

Irmall < £(X)™ [Iroll,

where 5(X) = || X]|[| X~

When A is positive real with symmetric part M, it holds that

Irmll < [L —a/B1™2 7ol

where o = (Mmin(M))? and B = Amax(ATA).
This proves the convergence of GMRES(m) for all m, when A is positive
real.
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Theorem 7.7

Assume A1, ..., A, of A with positive(negative) real parts and the other

eigenvalues enclosed in a circle centered at C with C' > 0 and have radius
R with C > R. Then

m—u 1% 2 m—v
m) ~ | B A=Al DT R
o [c] j=un+1?:?“.‘.,wg x el |C

D= max |A—2X;] and d= min |X].
Ii:l! >L-" é=1>‘“:v
j=1)-|—1,--~ :N
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(1—2/A)) and ¢(z)

Consider p(z) = r(2)g(z) where r(2) = (1 — z/A{) - - -
arbitrary polynomial of deg < m — v such that ¢(0) = 1. Since p(0) = 1

and p(X;) =0, fori =1, ..., v, we have

(m) < A= A;
= el e R e e

It is easily seen that

max |r(/\ max H e = | V
j=v+1, 2 vl Neo o Al — d '

By maximum principle, the maximum of |¢(2)| for z € {)\j}:j;iu+1 is on the
circle. Taking o(z) = [(C — 2)/C|™ ¥ whose maximum on the circle is
i

(R/C)™ yields the desired result.
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Corollary 7.8

Under the assumptions of Proposition 7.6 and Theorem 7.7, GMRES(m )
converges for any initial z if

m > vlLog [g—gﬂ(X)I/”] /Log [%‘ :




Proof of Implicit Q Theorem

Let
" hyr Ao hin 7
ha1  has
Algr g2 - gno]l=lg1 @2 @] o . . : (10)

E E fn— 1,
0 hﬂ,n—i han




Then we have
Ag1 = h11q1 + h21ge. (11)
Since g1 Lgs, it implies that
h11 = q1Aq/d1q1-
From (11), we get that

g2 = h2192 = Agq1 — h114q1.
That is

2 =q/|gzllz2 and ke = ||gz||2-



Similarly, from (10),

Ago = h12q1 + hoogo + haags,

where
hio = qiAgz  and  hoo = g3 Aqgo.
Let
g3 = Agz2 — hi2q1 + ha2go.
Then

g3 =¢q3/||gzll2  and  ha =gz,

and so on.



Therefore, (g1, - ,qn] are uniquely determined by ¢1. Thus, uniqueness
holds.

Let Ky, = [v1, Avy, -+, A" 1uq] with ||v1|lz2 = 1 is nonsingular.
K, =U,R, and U,,e; = v1. Then

0 0 =
1 -
ARy = KO =Tt Mgy s A% ] | i . ™. ¢ 1 | (12
. -
_0 0 1 *




Since K, is nonsingular, (12) implies that
A = K,CoK; ' = (UnRn)Co(RIULY).
That is
AU, = Un(RnCnR,),

where (R,Cr R, ') is Hessenberg and U,e; = vy. Because
< U, >=< K, >, find AV,, = Vo H, by any method with Vy,e1 = vy,
then it holds that V,, = U, i.e., u,(f) — ug) fore =1,--- ,n.




	投影片編號 1
	投影片編號 2
	投影片編號 3
	投影片編號 4
	投影片編號 5
	投影片編號 6
	投影片編號 7
	投影片編號 8
	投影片編號 9
	投影片編號 10
	投影片編號 11
	投影片編號 12
	投影片編號 13
	投影片編號 14
	投影片編號 15
	投影片編號 16
	投影片編號 17
	投影片編號 18
	投影片編號 19
	投影片編號 20
	投影片編號 21
	投影片編號 22
	投影片編號 23
	投影片編號 24
	投影片編號 25

