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Some basic theorems

Theorem

Let X be an eigenspace of A and let X be a basis for X. Then
there is a unique matrix L such that

AX =XL.
The matrix L is given by
L= X1AX,

where X! is a matrix satisfying X'X = I.

If (\, x) is an eigenpair of A withz € X, then (\, X1z) is an
elgenpair of L. Conversely, if (A, u) is an eigenpair of L, then
(A, Xu) is an eigenpair of A.
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Proof: Let
X=[or--ax] and Y =AX =y ul.

Since y; € X and X is a basis for X, there is a unique vector ;
such that

yi = X{;.
If weset L = [¢y-- 4], then AX = XL and
L=XXL=XAX

Now let (A, z) be an eigenpair of A with z € X'. Then there is a
unique vector u such that z = Xu. However, u = X1z. Hence

M= Az = AXu=XLu = Jdu=AX'z=Lu.
Conversely, it Lu = Au, then
A(Xu) = (AX)u = (XL)u = X(Lu) = A(Xu),
so that (A, Xu) is an eigenpair of A.  x e

i|fj
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Theorem (Optimal residuals)
Let | X X || be unitary. Let

R=AX XL and B*=X"A_LX"
Then ||R|| and ||S|| are minimized when
I =" Ax
in which case

(@) IRl =XTAX],
(®) ISl = X"AX ],
(c) XHER=0.




=
Proof: Set
xXH I H
xe ALX x={g |
Then
XxXH I H XH XH } -
[xf R—[G M”Xf *- Xf]XL_[ G ]

It implies that

G L ke

which is minimized when L = . = X# AX and
; e
min || R| = |G| = [|XT AX]|.
The proof for S is similar. If L = X H AX . then
g xtix . xhxr 8 dx. 0
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Definition

Let X be of full column rank and let X! be a left inverse of X.
Then X1 AX is a Rayleigh quotient of A.

[ et X be orthonormal, A be Hermitian and

R=AX — XL.

Ifeq, ... L are the eigenvalues of L, then there are eigenvalues
Ajis- -+, Ag, Of A such that

k
6 — Xl < |R||lz2  and \ Y (&i— 2,)2 < V2||R|F-

g=1




— + Jacobl's arthogonal compenent correction, 1646

Jacobi’s orthogonal component correction, 1846

Consider the eigenvalue problem

OdCT

b F

1

2

A , (1)

1 ] _ [ 1
Z Z
where A is diagonal dominant and « is the largest diagonal
element. (1) is equivalent to

A=a+clz,
(FF— AI)z = —b.

Jacobi iteration : (with z; = 0)

0, = o + ! 2, @)
(D —6xDzpy1 =(D— F)zp — b

where D = diag(F).
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Davidson’s method (1975)

Algorithm (Davidson’s method)

Given unit vector v, set V. = [1]
[terate until convergence
Compute desired eigenpair (0, s) of VT AV .
Computeu = Vs andr = Au — Ou.
If (|| r ||2< &), stop.
Solve (D4 — 01t =r.
Orthog.t L V — v,V = [V, v]
end




— ~ Davidgson's method (1975)

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Let ug, = (1, 2 ). Then

o—0r+clz ]

= {ah —pltlp— [ (F —031)z + b

Substituting the residual vector r; into linear systems

(DA —le)tk = —7r, Where Dy = [ g % ] ,

we get

(D—0Dyy = —(F —0kl)zp—b
e (D—F)zk—(D—QkI)zk—b

From (2) and above equality, we see that
(D — Qkf)(zk + yk) = (D —_ F)Zk —b = (D — Qkf)zk_|_1.

This implies that 2.1 = 2 + yi as one step of JOGG starting
with g




= ~ Jacobi-Davidson method (1996)
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(Or, ug): approx. eigenpair of A, 0y ~ A, with

UL = VkSk? VkTAVkSk — QkSk and H Sk Hg: 1.

Definition

(Or, ug) Is called a Ritz pair of A. 0y is called a Ritz value and
Is a Ritz vector.
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(Or, ur): approx. eigenpair of A, 6, ~ A, with
up = Vs, VkTAVksk = Orsi and || si |[o= 1.
Then
uiry =ul (A— 0D up = stV AVisy — Opsi Vil Vs, =0 = 7 L uy,
Find the correction ¢ | «; such that
Alug + t) = Alug + ).
That is

(A — At = dug — Aug = —71% + (A — Or)ux.
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---------------------------------------------------------------------------------------------------------------------------------------------------------------------

Since (I — ugul )ry, = ri, we have

(I — ugui ) (A— A}t = —7y.

Correction equation

(I — uk“{)(ﬂ — 9&,]) [iI = u;,uf) L= —7% and ¢ | 5




l’ L]
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Solving correction vector ¢

©

Correction equation:

(I —upup ) (A— 6T —upui Yt = —rg, t L uy. (3)
Scheme Spers:
@ Use preconditioning iterative approximations, e.g.,
GMRES, to solve (3).

@ Use a preconditioner
Mp=(T— ukug) M (I — uku;’:) .

where A is an approximation of A — 0,1.
@ In each of the iterative steps, it needs to solve

Mpy =b, y L uy (4)

for a given b.



son methed (1996)
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©

Solving correction vector ¢

@ Since y L ug, Eq. (4) can be rewritten as

(I — uku},‘:) My=>6 = My = (u{My) ug + b = nrug + b.

Hence
Yy = M_lb T ?}'kMﬁluk,
where
M

@ SSOR preconditioner: Let A — 6,1 = L + D + U. Then

M = (D+wL)D™ (D +wl).
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Solving correction vector ¢

Scheme St.,.15: Since ¢ | ug, EqQ. (3) can be rewritten as

®)

(A — ka)t = (ug(A —= ka)t) UL — T = EUL — Tk (5)

Let £; and ¢; be approximated solutions of the following linear
systems:

(A — ka)t = —7r; and (A = ka)t = Wk,
respectively. Then the approximated solution ¢ for (5) is

ugtl

t=1t;{tety for e=-— 1
1 2 u'{ £

Scheme Sppesiep: The approximated solution ¢ for (5) is

u;;rM_l
i ?
*u.;:rM Loy,

t=-—-MIrp+eM Iy for e=

where M is an approximation of A — 0;.1. =y =y =
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© Solving correction vector ¢

Algorithm (Jacobi-Davidson Method)

Choose an n-by-m orthonormal matrix V;

Dok =012
Compute all the eigenpairs of V. AVjs = As.
Select the desired (target) eigenpair (0, si) with ||si||2 = L.
Compute uy = Visp andry = (A — 01 )uy,.
If (l|ril|z<€), A = O, 2 = ug, Stop
Solve (approxfmafely) aty | ug from

(I—ukuk)(}l 0p1)(1 —ukuk)t— T} -

Orthogonalize ty, | Vi, — vipi1, Vie1 = [V, vpaq]
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© Solving correction vector ¢

@ Locking:
Vi with V¥V = I, are convergent Schur vectors, i.e.,

AV, = VT

for some upper triangular 7;.. Set V' = [V, V| with
V*V = I, Iin k + 1-th iteration of Jacobi-Davidson
Algorithm. Then

vy - | AV VrAY, ] _[ T,  VFAV,
| VXAV, VrAY, ViVl VAV,

_ =B ngVq]

— |0 AR |

@ Restarting:
Keep the locked Schur vectors as well as the Schur vectors
of interest in the subspace and throw away those we are
not interested.
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© Solving correction vector ¢

@ /fe =0, we obtain Davidson method with
= —(DA — 9;;1)_1?".

(t is NOT orthogonal to uy, )

@ [f the linear systems in (6) are exactly solved, then the
vector t becomes

= E(A = 9;9})_1?1,;; — (6)
Since t is made orthogonal to uy, (6) is equivalent to
= (A — 9;;1)_1?.6;;

which is equivalent to shift-invert power iteration. Hence it
is quadratic convergence.
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© Solving correction vector ¢

Consider Az = Az and assume that A is simple.

| emma

Consider w with w! =z # 0. Then the map

= (I—:"U T) (A— D) (I%)

is a bijection from w* to w~.

Proof: Suppose y L w and Fpy = 0. That is

(I—ﬁ) (A — A (I—ﬁ)yﬂ,

wlz wlz
Then it holds that
(A— Ay =
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© Solving correction vector ¢

Therefore, both y and z belong to the kernel of (A — AI)?. The
simplicity of A implies that ¢ is a scale multiple of z. The fact
that y L w and 2w # 0 implies ¥ = 0, which proves the
Injectivity of F,. An obvious dimension argument implies
bijectivity. []

Extension

T b
Fﬁ:([%)(ﬁl@])([w)t:ﬁ tlu, rlu.

U- U uTu

Then
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© Solving correction vector ¢

Assume that the correction equation
(I—uuT)(A—QI)(I—uuT)t:—’r, t 1w (7)

is solved exactly in each step of Jacobi-Davidson Algorithm.
Assume u;, = u — x and ugm has non-trivial limit. Then if u;, is
sufficiently chosen to z, then u;, — x with locally quadratical
convergence and

9;3 — u%Au;ﬂ — A
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© Solving correction vector ¢

Proof. Suppose Az = Az with z suchthat z = v + zfor z | w.
Then

(A— 0 z=—(A—8l)u+ (A Nx=—s+(H— 8% I(8)
Consider the exact solution z; L « of (7):
(I—-P)Y(A—0)zy =—(I—P)r, (9)

where P = uu’. Note that (I — P)r = r since u_Lr. Since
r— (u+21) =2z — 2z and z = z — u, for quadratic convergence,
it suffices to show that

lz — (u+ 21) | = Iz — 21l = O (||2]I") - (10)

Multiplying (8) by (I — P) and subtracting the result from (9)
yields

(I—PY(A—6D)(z—2)=MN—0)(I—P)z+ (—0) (I — P)u.(11)
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Solving correction vector ¢

©

Multiplying (8) by »” and using » | u leads to

)‘_QZHT(iT_jI)z' (12)
Since u} x has non-trivial limit, we obtain
Ia=0) 1 —Pya = | A2 _pys| 1)
From (11), Lemma 6 and (7 — P)u = 0, we have
le=zll = [[U=P)(A-6D)],s] " (A=0)(I—P)=
— |[o-Pra-an] D2 Gy

O (1=1)
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© Jacobi Davidson method as on accelerated
Newton Scheme

Consider Az = Az and assume that X is simple. Choose
w! z = 1. Consider nonlinear equation

w! Au
wlu
where [ju|| = 1orwlu = 1. Then F : {u|wfu =1} = w'. In
particular, r = F (u) = Au — 0 (u)u L w.

Suppose u;, ~ z and the next Newton approximation uj1:

-1
oOF
Upt] = Uk — ( ) F(ug)
u=up

Fu)=Au —0(v)u=0 with 6(u)=

?

ED

is given by ug.1 = ug + ¢, i.e., t satisfies that

(g—i )t=F(uk) e

U=UL
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© Jacobi Davidson method as on accelerated
Newton Scheme

Since 1 = u} w = (u + )" w = 1+ tTw, it implies that
w!'t = 0. By the definition of F, we have

QE — o T~ — (wTAu) ww?l + gfwTu) uw?l A
Ou (wTu)
wlAu o uwwl A upw?
= A—6I+ (wTu)zuw T (I — wTuk> (A—6rl).

Consequently, the Jacobian of F' acts on w+ and is given by

oF upw?
(auzuk>t_ (I— - )(A—é?kf)t, t L w.

wt ug
Hence the correction equation of Newton method read as

upw?

t 1w, (I-— T )(A—f?kf)tz——fr,

(TIRETIA

which is the correction equation of Jacobi-Davidson method in
(7) with w = u.
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(0r,ur): approx. eigenpair of A(X) = 37, A*Ay, 65, =~ A, with
up = Visk, Vil AA)Vise =0 and || sy [|2= 1.
Let
r = A(Or)ug.
Then
up e = up A(Or)ur = s, Vi A(@r)Vis, =0 = 7, L up
Find the correction ¢ such that
A(XN)(up+t) =0.
That is
ANt = —ANug = —ri + (ABk) — A(\))ux.
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@ A(N) =A— AL

Pk — —Ug,

(A(Br) — AN))ur = (A— B )ur, = (65 — M)
@ A(A) =A— AB:

pr = —Bug,

(A(0r) — A(X\)ugp = (A —0)Bug, = (0 — AN)pr
@ A(N) =>7_ A'A; with 7 > 2:

(A(Or) — AN))ur = |(Ox — M)A (Or) - %(6&: = XA (Ek) | w

= (O ek 50— VA Gk

-



Hence

Idson method;
1
ANt = —rg+ (0 — Npr — 5 (6 — A)°A” (& )u
Since r;, L up, we have
(I - ) A= —5— —(9;c —2F (I =
Uy Pk
Correction equation:
( 7 Pifrug
or
Pty
=

Uy Pk

) A
uk Pk

) A(0r)(I — uku;;r)t =—r; and ¢t 1 ug,
(1-

) (A — 6,B) (I—

-
u-'lr-pk ) t=—r and t Lg uy,
P Uk
with symmetric positive definite matrix B



M ~ Polynomial Jacobi-Davidson method

Algorithm (Jacobi-Davidson Algorithm for solving A (A)z = 0)

Choose an n-by-m orthonormal matrix Vj
Dok=01.2,
Compute all the eigenpairs of V., A(\)V;, = 0.
Select the desired (target) eigenpair (0, si,) with ||si||2 = 1.
Compute the — Visy, r'L = A(Q;Ju;v &'ndp;; = AF(QR)IL;E
If(H?"kHE < E?), A =0, z = ug, Stop
Solve (approximarely) aty L uy from

U*%) (0)(I — upui )t = —rp.

Orthogonalize ty, L Vi, — vi11, Vir1 = [Vi, 'Uk_|_1:|

=1
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Let \; be areal eigenvalue of Q(A) = A°M + AC + K and z1, z
be the associated right and left eigenvectors, respectively, with

2 Kz1 = 1. Let
01 = (28 M)t

We introduce a deflated quadratic eigenproblem

A

Q(\)z = {A2M+  taht fﬂ z =0,

where

M = M-—6iMz2iM,

- 0

C = C+ )\—I(M:clszJerlsz),
1

s 91

K = K—A—%Kmlz?f{.
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O Complex deflation

Let A1 = aq + 181 be a complex eigenvalue of Q(X) and
r1 = TR + 1211, 21 = 21r + 1217 be the associated right and left

eigenvectors, respectively, such that

ZIK X, = Iy,
where X1 = [z1p, z17] and Z; = |z1R, 217]. Let

0, = (ZIMx,)™t.

Then we Introduce a deflated quadratic eigenproblem with
M = M-MX10,Zi M,
C = C+MX0A7 ' ZIK + KX A7 eT ZT M,
K = K-KXiATloA[TZl K

i viFiich Alzl ‘“é fl ]
— M1 1
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O Complex deflation

() Let Ay be a simple real eigenvalue of Q(X). Then the
spectrum of Q(X) is given by
(@ (QM)N\{A1}) U {oo}

provided that 3 # 6.
(i) Let Ay be a simple complex eigenvalue of Q()). Then the

spectrum of Q()) is given by
((QIAN{A1, A1}) U {00, 00}
provided that AjAT # ©;.

Furthermore, in both cases (i) and (i), if Ao # A1 and (A2, x2) is
an eigenpair of Q(X) then the pair (Ay,x2) Is also an eigenpair

of Q(N).
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O Complex deflation

Suppose that M, C, K are symmetric. Given an eigenmatrix
pair (A1, Xi) € R™" x R™*" of Q(A), where A; is nonsingular
and X, satisfies

X{KX,=1,, ©1:=(XIMx)™"
We define Q(\) := A2M + AC + K, where

—

M = M-MX16:X{M,
C = O+ MXOATTXTK + KXAT O X M,
K = K- KXiAj'oATX] K

Suppose that ©; — A{AT is nonsingular. Then the eigenvalues
of the real symmetric quadratic pencil Q()\) are the same as
those of Q(A) except that the eigenvalues of A, which are
closed under complex conjugation, are replaced by r infinities.
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O Complex deflation

Proof: Since (A1, X1) Is an eigenmatrix pair of Q()), i.e.,
MXiA2 + CXiA + KXq =0,
we have
Q) = QW)+ [MX (ML +A)+CXq)oAT (XTI K — I XM
= Q)+ QNX1(AL — Ay toATT(XT K — AT XTM).
By using the identity
det(l, + RS) = det(I,, + SR),
where R, ST ¢ R"*™ we have
det[Q(N)]
= det[Q(N)]det[I + X1(M» — A1) O AT T (XT K — M X M)
= det[Q(N)]det[I, + (M — At ATT (I, — aaf o7

~ det[@Q(A)] _T
= dat )\L-—Al)det(elAl —Al).
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O Complex deflation

Since (©1 — A{AT) € R™" is nonsingular, we have
det(©1A7T — Aq) #0.

Therefore, Q(\) has the same eigenvalues as Q()) except that
r eigenvalues of A; are replaced by r infinities. [
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© Non-equiv. deflation for cubic poly.

k. Non-equiv. deflation for cubic poly. eigenproblems

Let (A, Vi) € R™*" x R™*" be an eigenmatrix pair of

AD) =N Ag+ NoAx+ AA; + Ag (14)
with V.I'V,, = I, and 0 ¢ o(A), i.e.,
AV AP+ AsV A= + AV b+ AV, = (. (15)
Define a new deflated cubic eigenvalue problem by
ANu = (A343 + N2Az + Ay + Ao)u =0, (16)
where
(Ao = Ao,

A = A1 — (A VL VT + AVLAVT + AV, A2V D),
Az = Az — (A2Vo, VI + A3V AV D),
| Az = Az — A3V, V1.

A

(17)
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© Non-equiv. deflation for cubic poly.

M iomma

Let A()) and A ()) be cubic pencils given by (14) and (16),
respectively. Then it holds

A=A (Fn — XWVu(M— AV (18)

Let (A, V,,) be an eigenmatrix pair of A(\) withV,I'V, = I,.
Then
(i) (c(A)N\o(A) U {oo} = (A (N)).

(i) Let(u,z) be an eigenpair of A(X) with|| z ||o= 1 and
p & o(A). Define

5= (I, — uVuA VD)2 = T ()= (19)

Then (u, 7) is an eigenpair of A ().
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© Non-equiv. deflation for cubic poly.

elaenoproblems
Proof of Lemma: Using (17) and (15), and the fundamental

matrix calculation, we have

AN = AN = A(N2A3VEVE + M VEVE + MA3VEAVE
+ A VEVE + AVRAVE + AsVpA2VE)

A(N\) = A (AsVE(ML — AP (M — A)IVE
+3A3VEA(M, — A2, — A)7IVE
+3A3VEA2(ML, — A)(MT, — A)71VE
+AsVR(ML, — A2(MT, — A)7VE
+2A42VRAMN L, — AN — A)7IVE

+ A1 VR(M — A) L — A)1VE)
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© Non-equiv. deflation for cubic poly.
eigenproblems

AN = A=A {[AsVp(XI, — A%) + AVp(A2I, — A?)
+ALIVE(AL — A) + AoVr — AoVr] (M — A1V |

= AN = A[ANVE(M, — A)1VE ]

= AN [L, = AVr(AL — A)7'V5].
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© Non-equiv. deflation for cubic poly.
- Y Ny PR
elge Proof of Theorem: (i) Using the identity
det(I, + RS) = det(I, + SR)

and Lemma 10, we have

—

det(A(N)) = det(A(N))det (I, — AVp(AL, — A)"1VE)
= det(A(X))det (I, — A(AL, — A)™1)
— det(A(N))det(AL, — A)~!det(—A).

Since 0 ¢ a(A), det(—A) # 0. Thus, A(A) and A()) have the
same finite spectrum except the eigenvalues in o(A).
Furthermore, dividing Eq. (16) by A3 and using the fact that

AsVp = (A3 — AsVpVE)Vr =0,

we see that (diag,. {co, - - - , 00}, V) is an eigenmatrix pair of
A () corresponding to infinite eigenvalues.
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© Non-equiv. deflation for cubic poly.
eigenproblems

(i) Since p ¢ o (A), the matrix T(u) = (I — pVeA~1VE) in (19)
is invertible with the inverse
T(p)~t =1, — uVe(ul, — A)IVE. (20)
From Lemma 10, we have
A(p)z = A(p) [L, — wVe(ul, — A)~WVE] [L, — pVeA"'VE] 2z = 0.

This completes the proof. ]
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